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This paper presents a model for the efficient and accurate simulations of laminar diffusion-based

complex electrokinetic passive micromixers by representing them as a system of mixing elements

of relatively simple geometry. Parameterized and analytical models for such elements are

obtained, which hold for general sample concentration profiles and arbitrary flow ratios at the

element inlet. A lumped-parameter and system-level model is constructed for a complex

micromixer, in which the constituent mixing elements are represented by element models, in such

a way that an appropriate set of parameters are continuous at the interface between each pair of

adjacent elements. The system-level model, which simultaneously computes electric circuitry and

sample concentration distributions in the entire micromixer, agrees with numerical and

experimental results, and offers orders-of-magnitude improvements in computational efficiency

over full numerical simulations. The efficiency and usefulness of the model is demonstrated by

exploring a number of laminar diffusion based mixers and mixing networks that occur in practice.

1 Introduction

Lab-on-a-chip systems have been actively pursued and studied

in the past decade, and hold great promise for a wide spectrum

of applications in biology, medicine and chemistry.1,2

Microscale mixing, especially its integration with other bio-

processing functionalities such as sample preparation, reac-

tion, injection, separation and detection,1–4 holds great

importance in lab-on-a-chip technology. It is generally

desirable for micromixers to have simple designs for minimal

fabrication and instrumentation complexity, to enable precise

control of flow for efficient mixing and reduced sample

consumption, and to allow a direct interface with other

components and subsystems to create truly integrated systems.

Currently, a majority of lab-on-a-chip systems use passive

mixers that rely on molecular diffusion. In particular, passive

mixers that are based on electrokinetic transport are of great

importance as they are amenable to integration within

electrokinetic (EK) microsystems,2,5 which have attracted

widespread interest in the lab-on-a-chip community.

Effective mixing in electrokinetically driven micromixers is

difficult because their operations are usually limited to laminar

flow and the mixing process is dominated by molecular-

diffusion, which generally leads to long channel lengths and

mixing times. A number of diffusion-based mixing-enhancing

techniques have explored rapid mixing by reducing diffusion

distances between individual sample streams. For example, the

mixing process can be accelerated by the narrowing (or

focusing) of sample streams6,7 (see Fig. 4 later). Instead of

diffusing between broad streams (such as the T-mixer),

samples can be arranged in the form of alternating thin

streams8–10 (see Fig. 6 later). Sample concentration profiles in

such laminar diffusion-based micromixers are relatively easy to

evaluate and reproduce, which also enables other innovative

bioanalytical applications by allowing precise handling11 and

dosing12 of samples, extraction and separation of samples,13,14

and generation of spatial and temporal concentration

gradients.15–19

However, there are still important issues regarding these

passive mixing techniques that need to be addressed. Optimal

design of such mixers involving the tradeoffs among mixer

performance, mixing time, chip real-estate area and system

complexity is still an art. More extensive exploration of design

space to assess the impact of parameters such as mixer

topology, element dimension, voltage control, material proper-

ties and sample flow ratios has not been pursued. Currently,

designers are mostly forced to use trial-and-error approaches

that require large numbers of experimental tests or numerical

simulations that may involve unacceptably long computation

time and algorithmic stability limitations (e.g., accurate

simulations of micromixing at high Peclet numbers by finite-

volume approaches become very difficult due to errors

associated with ‘‘numerical diffusion’’,20 unless extremely fine

meshes are used). To address these issues, several analytical

modeling efforts have been developed for mixers. Simplified

equations for T-mixers21,22 have been extensively used to

provide mixing length estimates that are often overly

conservative and does not provide information of the mixing

process. Modeling methods using electrical analogy (i.e.,

resistor-based models)3,12 assume complete mixing and gen-

erally result in unnecessarily long channels. Branebjerg et al.23

have theoretically studied the diffusion behavior in split-and-

recombine (SAR) mixers. An analytical solution for the width-

wise sample concentration profile within the last unit was

developed by neglecting the effects of its preceding SAR units.
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As such, the model is valid only for the special case that sample

concentration distributions at the channel inlet are saw-tooth

(interdigitally) shaped, and even so, still requires pre-calcula-

tion of flow ratios of different samples. Thus, the model is not

suitable for system-oriented simulation and synthesis.

Schönfeld et al.24 also derived a formula that accounts for

arbitrary sample concentration distributions at channel inlets.

However, the formula is limited to symmetric flow ratios (i.e.,

the flow rates of the buffer streams carrying different samples

are the same), and is not applicable to multi-input or multi-

output flow intersections that are widely used in focusing and

multi-stream mixers.

All the models above are intended for particular instances of

micromixers. No general methodology has been proposed to

develop a reliable and reusable system-oriented simulation

approach that can accommodate all laminar diffusion based

micromixers and, most importantly, be integrated with

simulations of other subsystems (e.g., reactors, injectors and

electrophoretic separation channels). This deficiency hinders

efficient microfluidic design, which is typically an iterative

process, and becomes even more acute for large-scale

microfluidic integration. Therefore, there is a strong need for

micromixer design tools that are efficient, accurate, and have

general applicability.

To address this need, this paper presents a system-oriented

and lumped-parameter approach to modeling laminar diffu-

sion-based passive EK micromixers of complex geometry.

Using a simultaneous electric and sample concentration

network representation, we decompose complex mixers into

a collection of elements of relatively simple geometry.

Analytical models for individual elements are derived to

accurately describe the variations of sample concentrations.

Proper parameters are embedded in these element models to

pass electric and sample concentration information from one

element to a neighboring element through their interface. As a

result, a complex mixer can be represented by a system-level

model consisting of individual element models. This system-

level model eliminates the need for input parameters that

would have to be determined from user-conducted numerical

simulations or experiments, and is thus well suited to

computed-aided design (CAD) of complex EK micromixers.

While focusing on EK micromixers, the concept and metho-

dology of this system-oriented approach can be readily

extended to pressure-driven complex micromixers and laminar

diffusion-based devices.

2 System-level representation of complex
micromixers

A complex electrokinetic passive micromixer can be repre-

sented as a system consisting of interconnected mixing

elements that have relatively simple geometry. This approach,

which applies to passive EK micromixers in general, can be

illustrated by an example of a serial mixing network,12 which

consists of reservoirs, microchannels, T- and cross-intersec-

tions (Fig. 1). The sample is released and collected by the

reservoirs at the extreme ends of the mixer. Within the cross

intersection, a portion of the input sample is shunted to

channels A1–A5 and the rest continues along the flow

direction. Using this unit cell repeatedly generates a series of

continuously diluted sample concentration in channels A1–A5

that can be used for parallel bio-chemical analysis. Variations

of buffer and sample concentration profiles are represented by

grey levels in Fig. 1a. In our approach, we represent the serial

mixing network as a collection of interconnected mixing

elements, including microchannels (each with a single input

and an output stream of samples or reagents), converging

intersections (each with two input and one output streams),

and diverging intersections (each with one input and two

output streams). We develop parameterized analytical models

for mixing processes in these elements by accurately consider-

ing the governing electric circuitry and convection–diffusion

equations. A system-level model is constructed from models

for the constituent elements, which are linked in correspon-

dence to the mixer topology by requiring an appropriate set of

parameters (called the interface parameters) to possess

continuity at the element interfaces. The system-level model

is conveniently represented as a schematic, as shown in Fig. 1b.

All element models in such a schematic are parameterized and

reusable; and the user can quickly compose and modify the

mixer design by wiring these models in an efficient top-down

approach. The schematic can be efficiently solved using

commercially available CAD simulation tools (e.g., Cadence/

Spectre25) to evaluate the performance of the resulting design,

which offers drastic computational efficiency improvements

over full numerical simulations.

Fig. 1 (a) A complex electrokinetic serial mixing network12 and (b) its schematic representation for system-level model.
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Upon considering the development of element models

(Section 3) and interface parameters (Section 4), we will apply,

in Section 5, the system-level model to several practically

important complex micromixers (including that shown in

Fig. 1). The model will be validated by comparing these results

to both numerical analysis and experimental data.

3 Element models for system-oriented simulation

This section formulates and solves the circuitry and convec-

tion–diffusion equations to yield parameterized and analytical

models for mixing elements, including mixing channels,

converging and diverging intersections and reservoirs, which

are most commonly seen in EK micromixers. The EK motion

of the samples consists of two parts: the bulk motion of the

carrier buffer due to electroosmosis and the motion of charged

sample molecules relative to the buffer due to electrophoresis.

We assume the similitude between EK flow and electric field,26

which implies that the EK velocity of samples can be expressed

as u 5 mE, where E is the electric field strength and m is the

algebraic sum of the buffer’s electroosmotic mobility and

sample’s electrophoretic mobility in the buffer. The models will

be capable of simultaneously simulating multiple dilute

samples in the buffer solution if interactions between them

can be neglected.

3.1 Tapered mixing channels with small side-wall slope

This subsection formulates the circuitry and convection–

diffusion equations for a tapered straight mixing channel with

a small side-wall slope. That is, the channel’s longitudinal axis

(the line connecting cross-sectional centers) is a straight line

and its cross sections are rectangular with dimensions varying

slowly along the axis. Straight channels are included as a

special case of zero side-wall slope. This geometry is employed

in micromixers, such as geometric focusing or throttled mixers

with side-wall slopes on the order of 10u.10,27,28 The depth-wise

and width-wise dimensions of the channel are defined as those

parallel (along the x-axis) and perpendicular (along the y-axis)

to the sample stream interface, respectively. Let L, h(z) and

w(z) denote the axial length, depth and width of the mixing

channel respectively, where z is the longitudinal coordinate

parallel to the channel axis.

As the mixing channel is typically narrow (w/L % 1 and h/L

% 1) and operates in steady state, the axial diffusion of the

sample can be neglected and the governing convection–

diffusion equation for the sample concentration c(x, y, z) is

ux

Lc

Lx
zuy

Lc

Ly
zuz

Lc

Lz
~D

L2c

Lx2
z

L2c

Ly2

 !
(1)

where D is the sample diffusivity, ux, uy and uz are the x-, y-

and z-components of the sample velocity. To solve this

equation in a channel with slightly sloped side-walls, we

approximate the channel as a set of concatenated channel

segments, each having constant rectangular cross sections

(Fig. 2a). As a convention, channel segments are numbered

k 5 1,2,…N from the inlet to the outlet. The interface between

segments k 2 1 and k is numbered k 2 1, with the channel inlet

numbered 0, and the channel outlet numbered N. Likewise,

local coordinates (xk, yk, zk) and dimensions (hk, wk, Lk) of

segment k can be defined, with hk and wk independent of zk.

Other variables or quantities in the kth segment channel are

also given the index k.

The electric current induced by very dilute sample molecules

are negligible compared with the current in carrier buffer,

which is typically valid in EK microfluidic systems.12,29 Then

the electric resistance of the entire channel is given by

R~

ðL

0

dz

w zð Þh zð Þs (2)

Fig. 2 Sketch for element models: (a) an approximation of the tapered mixing channel by a set of constant-cross section channels, (b) the

converging intersection and (c) the diverging intersection.

This journal is � The Royal Society of Chemistry 2005 Lab Chip, 2005, 5, 877–887 | 879



where s is the electric conductivity of the buffer solution within

the channel. Given a potential difference over the channel

length, DV 5 Vin 2 Vout (Vin and Vout are respectively the

voltages at the channel inlet and outlet), eqn. (2) yields the

electric current I 5 Ik 5 DV/R through the entire channel

including all constituent segments. As the slope of the

channel’s side-wall is small, it is reasonable to use the

approximation that the electric field in each channel segment

is unidirectional, i.e.,

(Exk
, Eyk

, Ezk
) 5 (0, 0, I/(wk hks)) (3)

Then EK velocity~uuk of a sample molecule in segment k is (uxk
,

uyk
, uzk

) 5 (0, 0, mEzk
). That is, within the segment, sample

molecules migrate at a velocity that is uniform over the cross

section. It follows from eqn. (1) that the sample concentration

distribution is two-dimensional and independent of xk as it is

assumed to be so at the channel inlet. This also yields the

volumetric flow rate of the buffer stream through a segment:

qk 5 ueof,zk
hkwk 5 meof I/s, where ueof,zk

and meof are the

electroosmotic parts of uzk
and m, respectively. That is, qk is linearly

proportional to the current I. Then, eqn. (1) can be recast in terms

of segment coordinates as

w2
kuzk

D

Lck

Lzk

~
L2ck

Lg2
(4)

where g 5 yk/wk (0 ¡ g ¡ 1) is the normalized coordinate along

channel width. With the boundary conditions hck/hg|g50,1 5 0

(i.e., no mass transfer across the walls), the solution to eqn. (4)

at the outlet of segment k (interface k) is found as

ck g,Lkð Þ~
P?

n~0

d
kð Þ

n Lkð Þ cos npgð Þ~
P?
n~0

d
kð Þ

n 0ð Þe
{

npð Þ2DLk

w2
k

uzk cos npgð Þ,

where d
ðkÞ
n (Lk) and d

ðkÞ
n (0) are the Fourier series coefficients of the

concentration profiles at the inlet and outlet of segment k. Noting

that the solution is expressed in terms of dimensionless variable g,

we have d
ðkÞ
n (0) 5 d (k21)

n (Lk21). Then a complete solution of

eqn. (4) is obtained as d
kð Þ

n Lkð Þ
.

d
k{1ð Þ

n Lk{1ð Þ~e
{

npð Þ2DLk

w2
k

uzk . Letting

k 5 1, 2, … and taking the product of these equations yields

d outð Þ
n ~d inð Þ

n e
{ npð Þ2D

PN??

k~1

Lk

w2
k

uzk ~d inð Þ
n e{ npð Þ2ct (5)

where d
ðoutÞ
n 5 d

ðNÞ
n (LN) and d

ðinÞ
n 5 d

ð1Þ
n (0) represent the

coefficients at the channel inlet and outlet, respectively. Here,

t 5 (L/w (0))/Pe is the dimensionless mixing time and Pe 5 u (0) w

(0)/D is the Peclet number defined at the channel inlet, which

represents the ratio of convective to diffusive transport rates. The

geometry factor c is given by

c~
u 0ð Þw 0ð Þ2

L

ðL

0

dz

w2 zð Þu zð Þ~
1

L

ðL

0

h zð Þ
h 0ð Þ

w 0ð Þ
w zð Þ dz (6)

Eqns. (5) and (6) indicate that the variation of sample

concentration coefficients within a tapered mixing channel

depends on those at the inlet, the dimensionless mixing time

and geometry factor c. Eqn. (5) provides an excellent

approximate solution to eqn. (1) when side-wall slopes are

small. This will be confirmed with an example in Section 5.2.

Eqn. (5) has been derived for 3D laminar diffusion-based

mixing channels. However, 2D mixing channels with variable

width but constant depth are widely used (e.g., geometrically

focusing mixers10,20,27,30 and throttled T mixers28) and will be

discussed primarily in this paper. If w is linear in z with p 5 (w

(L) 2 w (0))/w (0), then

R~cR 0ð Þ and c~
ln 1zpð Þ

p
(7)

where R (0) 5 L/(w (0) h (0)s). In addition, for another special

case of constant channel cross sectional areas: h(z)

w(z) 5 A 5 const, eqns. (2) and (6) respectively reduce to

R 5 L/As and c~ w 0ð Þ2
L

Ð L

0
dz

w zð Þ2, and the solution in ref. 24 is

recovered.

3.2 Converging intersections

The converging intersection has two inlets and one outlet, and

acts as a combiner to align and compress upstream sample

streams of an arbitrary flow ratio s (defined below) and

concentration profiles side-by-side at its outlet (Fig. 2b). As its

flow path lengths are negligibly small compared with those of

mixing channels, such an element can be assumed to have zero

physical size, and electrically represented as three resistors with

zero resistance between each terminal and the internal node N,

Rl 5 Rr 5 Rout 5 0 (8)

Here, N corresponds to the intersection of flow paths and

the subscripts ‘l’, ‘r’ and ‘out’ represent the left and right inlets,

and the outlet, respectively. The voltages at the terminals

(Vl 5 Vr 5 Vout) are consequently the same.

The sample concentration profiles, cl (g) and cr (g), at the left

and right inlets respectively, can be expressed as cl (g) 5 S‘
0 d
ðlÞ
m

cos (mpg) and cr (g) 5 S‘
0 d
ðrÞ
m cos (mpg). At the outlet, cl (g)

and cr (g) are scaled down to the domains of 0 ¡ g ¡ s and

s ¡ g ¡ 1, where s 5 ql/(ql + qr) 5 Il/(Il + Ir) denotes the

interface position (or the flow ratio, the ratio of the left-stream

flow rate ql to the total flow rate ql + qr) between the incoming

streams in the normalized coordinate at the outlet. Note that

the flow rates ql and qr are respectively linear in the electric

currents Il and Ir as described above, and s can be determined

by solving for electric currents within the entire mixer using

Kirchhoff’s and Ohm’s laws. Let cout (g) 5 S‘
0 d
ðoutÞ
n cos (npg)

be the concentration profile at the outlet. Then its Fourier

coefficients are given by

d
outð Þ

0 ~d
lð Þ

0 szd
rð Þ

0 1{sð Þ

d
outð Þ

nw0 ~s
Xm=ns

m~0

d lð Þ
m f1 sin f2ð Þzf2 sin f1ð Þð Þ

.
f1f2ð Þ

zs
Xm~ns

m~0

d lð Þ
m z 1{sð Þ

Xm~n 1{sð Þ

m~0

{1ð Þn{m
d rð Þ

m

z2 {1ð Þn 1{sð Þ
Xm=n 1{sð Þ

m~0

d rð Þ
m cos F2=2ð Þsin F1=2ð Þ=F1zcos F1=2ð Þsin F2=2ð Þ=F2ð Þ

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(9)
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where f1 5 (m 2 ns)p, f2 5 (m + ns)p, F1 5 (m + n 2 ns)p and

F2 5 (m 2 n + ns)p.

3.3 Diverging intersections

A diverging intersection has one inlet and two outlets, and a

sample concentration profile coming into the inlet is split and

stretched out into two parts exiting the outlets (Fig. 2c). The

current in the incoming stream is also split into two. Similar to

converging intersections, it is reasonable to assume that

diverging intersections have zero physical size, and can be

represented by three zero-resistance resistors,

Rin 5 Rl 5 Rr 5 0 (10)

which implies equal voltages at the terminals: Vin 5 Vl 5 Vr.

The subscripts ‘in’, ‘l’ and ‘r’ represent quantities at the inlet,

the left and right outlets.

Let cin (g) 5 S‘
0 d
ðinÞ
m cos (mpg), cl (g) 5 S‘

0 d
ðlÞ
n cos (npg) and

cr (g) 5 S‘
0 d
ðrÞ
n cos (npg) be the concentration profiles at the

inlet, and left and right outlets, respectively. Then the Fourier

coefficients at the outlets are related to those at the inlets by

d
lð Þ

0 ~d
inð Þ

0 z
X?
m~1

d inð Þ
m sin w1ð Þ

.
w1

d
lð Þ

nw0~2
Xm=n=s

m~0

d inð Þ
m {1ð Þnz1w1 sin w1ð Þ

.
f1f2ð Þ

z
Xm~n=s

m~0

d inð Þ
m

8>>>>>>>>>>>><
>>>>>>>>>>>>:

and

d
rð Þ

0 ~d
inð Þ

0 {
X?
m~1

d inð Þ
m sin w1ð Þ

.
w2

d
rð Þ

nw0~2
Xm=n= 1{sð Þ

m~0

d inð Þ
m w2 sin w1ð Þ

.
F1F2ð Þ

z
Xm~n= 1{sð Þ

m~0

{1ð Þm{n
d inð Þ

m

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(11)

where f1 5 (n 2 ms)p, f2 5 (n + ms)p, F1 5 (n + m 2 ms)p,

F2 5 (n 2 m + ms)p, w1 5 msp and w2 5 m(1 2 s)p. Similar to

converging intersections, s 5 ql/(ql + qr) 5 Il/(Il + Ir) gives the

normalized position of the splitting plane and can be

determined by electric current distributions within the

network.

3.4 Reservoirs

To enable the system simulation of a mixer, models for sample

and waste reservoirs are also needed. A sample reservoir

continuously discharges downstream a sample of a given

concentration c0 while providing an electric potential wapp to

maintain the EK flow. It can thus be simply represented by

V 5 wapp (12)

and c (g) 5 S‘
0 dn cos (npg) where

d0 5 c0 and dn.0 5 0 (13)

A model for a waste reservoir, which provides a fixed electric

potential and serves as a sink continuously collecting used

samples and reagents, can be given in a similar fashion.

4 Constructing a system-level mixer model from
element models

A complex mixer can be modeled by element models developed

in Section 3 using the system-oriented approach described in

Section 2. The key is to use appropriate parameters to link two

element models at their terminals, which correspond to the

interface between two neighboring physical mixing elements.

Such parameters are illustrated in Fig. 3, which represents a

hypothetical system consisting of a straight channel, a

converging and a diverging intersection. There are two sets

of such interface parameters (represented by pins at each

terminal of the element model in Fig. 3): an electric potential

(Vi)
j, and a set of concentration Fourier coefficients {d

ðiÞ
n }j

(Section 3), where the index i stands for ‘in’, ‘out’, ‘l’ or ‘r’,

respectively representing the inlet, outlet, left and right

Fig. 3 Linking element models to form a system-level micromixer model.
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terminals of the element. The index j is the element number.

The parameters between two neighboring elements are set

equal, e.g., (Vout)
j 5 (Vin)j+1 and {d

ðoutÞ
n }j 5 {d

ðinÞ
n }j+1.

This system-oriented simulation approach involves both

electric and concentration calculations. First, given the applied

potential at the reservoirs, system topology and element

geometry, the voltages (Vi)
j at the element terminals are

computed for the entire mixer system by Kirchhoff’s and

Ohm’s laws. The electric field strength (E) and its direction

within each element, and flow ratios (splitting ratios) at

intersections are then calculated. With these results and user-

input sample properties (D and m), the sample speed is given by

u 5 mE. Next, the concentration coefficients {d
ðoutÞ
n }j at the

outlet(s) of each element j are determined from those at the

element’s inlet(s) using eqn. (5), (9) and (11), starting from

the most upstream sample reservoir (eqn. (13)). As such, both

electric and concentration distributions in an EK micromixer

are obtained. This would enable efficient and accurate designs

of complex micromixers in a top-down and system-oriented

fashion.

5 Results and discussion

To demonstrate its utility in lab-on-a-chip design, our system-

level model is now applied to several practically important

passive electrokinetic mixers. While the system-level model

allows for a virtually arbitrary number of different samples

coexisting in the buffer, our implementation considered up to

three samples, with eqns. (5), (9), (11) and (13) applying to

each sample. Ten Fourier terms (n 5 9) were found to yield

sufficient accuracy for concentration simulation.

To validate our model, the system simulation results from the

model are compared to both experimental data (serial and

parallel mixing networks in Table 1) and full numerical analysis

(focusing and multi-stream mixers in Figs. 4 and 6, serial and

parallel mixing networks in Table 1). Here, the numerical

analysis performed with the commercial finite element-based

package FEMLAB 3.0a,31 solves a full set of electrostatics,

incompressible fluid flow and convection–diffusion equations

in 2D domains that highly accurately describe the mixing

process, and validates the approximate analytical treatment of

the full equations by our model. These equations are based on

the assumptions of quasi steady-state EK flow, negligible

electrical double layer thicknesses, constant channel depths,

dilute sample solutions, and identical physicochemical proper-

ties (e.g., zeta potential) of channel walls.32–34

To characterize the mixing performance, a scalar index,

called the mixing residual Q,10,20,24 is used to quantify the non-

uniformity of concentration distributions:

Q~

ð1

0

�cc gð Þ{�ccavg

�� ��dg (14)

where c̄(g) 5 c/c0 and c̄avg 5 cavg/c0 are the normalized

concentration profile and width-averaged concentration,

respectively. We assume c0 5 1 in the reservoir without loss

of generality. Hence, c(g) 5 c̄(g) and cavg 5 c̄avg. Note that a

small value of Q indicates a highly homogeneous sample

distribution and hence good mixing performance. A smaller

difference between c̄(g) and c̄avg, or a smaller width-wise region

occupied by this concentration difference, leads to a lower Q.

For convenience, the following scalar index will be used to

characterize the percentage error of our system-level modeling

results compared with numerical simulations,

M~

Ð 1

0
cN{cj jdgÐ 1

0
cNdg

(15)

where c and cN are the concentration profiles from system-level

models and numerical simulations, respectively. For all results

below, mixing channels have identical width 200 mm. Also,

samples a and b to be mixed (Figs. 5 and 7) are given Da 5 1 6
10210 m2 s21, Db 5 3 6 10210 m2 s21 and ma 5 mb 5 6 6
1028 m2 V21 s21 unless otherwise noted.

5.1 Electrokinetic focusing mixers

Electrokinetic focusing,6 which first appeared as a sample

injection and manipulation technique35,36 in EK lab-on-a-chip

Fig. 4 (a) An electrokinetic focusing micromixer and (b) its schematic representation for system-level modeling.
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systems, also can be utilized to speed up mixing, especially in

reaction kinetics studies.7,37 Such an electrokinetic focusing

mixer is illustrated and schematically represented for system-

level modeling in Fig. 4. We use subscripts ‘i’, ‘s’ and ‘o’ to

respectively denote the input, side and output mixing channels.

The cross intersection where sample a (white) from the input

channel is pinched by buffer or sample b (black) from both side

channels, is modeled as two concatenated converging intersec-

tions. Therefore, at the mixing channel inlet, two interface

positions s1 5 Is/(2Is + Ii) and s2 5 (Is + Ii)/(2Is + Ii) are

obtained if the electric currents from both side channels are

identical. Hence, the normalized width occupied by sample a is

s 5 s2 – s1 5 Ii/(2Is + Ii). During simulations, voltages (ws and

wi) are applied at the reservoirs to vary s while keeping E and

the sample residence time fixed in the mixing channel.

Specifically, wi 5 {240, 267} V, ws 5 {280, 267} V and w0 5 0

are chosen to obtain s 5 {0.1, 1/3} with E 5 143 V cm21.

Fig. 5a shows the comparison of system modeling results and

numerical simulations on concentration distributions of

samples a and b at the channel outlet. It can be seen that

sample b with higher diffusivity mixes much faster and its

concentration becomes uniform at the outlet regardless of the

initial band width. However for sample a with lower

diffusivity, a smaller stream width (e.g., s 5 0.1) allows more

uniform concentration profiles than larger stream widths (e.g.,

s 5 1/3). The numerical and system simulation results agree

well with a worst-case error of M 5 3% at s 5 0.1. To gain

insight into the mixer performance, the mixing residual Q

along the mixing channel is calculated from the system-level

model and shown in Fig. 5b. At the channel inlet (z 5 0), Q,

which is the same for both samples due to their complementary

concentration profiles (ca (g) + cb (g) 5 1), strongly depends on

s. When the incoming streams are very asymmetric (e.g., s 5 0.1

or s 5 0.9), the integral in eqn. (14) yields a lower Q value

(Q 5 0.18 at s 5 0.1 compared with Q 5 0.44 at s 5 1/3) and a

more uniform initial profile. Along the channel, Q initially

drops rapidly and then becomes saturated because smaller

concentration gradients due to improvement in sample mixing

reduce the driving force for further mixing. Given sufficient

mixing channel lengths, sample concentration profiles will

asymptotically approach their averages ca (g) 5 Ii/(2Is + Ii) and

cb (g) 5 2Is/(2Is + Ii). It should be noted, however, that this

may not be efficient from a design standpoint, as a large

increase in channel length would only result in minimal

decrease in Q. It can also be seen from Fig. 5b that Q decreases

faster for samples of higher diffusivity (e.g., sample b), because

of larger t (dimensionless mixing time) values in eqn. (5). To

summarize, asymmetric streams (s ? 1/2) produce more uniform

initial profiles and hence focusing is a very useful technique to

enhance the mixer performance, provided accompanying

decreases in sample detection is tolerable. Within the mixing

channel, Q decays faster for the more diffusive (or equivalently

less mobile) samples. It is also interesting to point out that in

contrast to the T-mixer, the focusing mixer greatly improves

sample homogeneity, which can be attributed to the reduced

stream width of the samples. That is, as the centerline of the

focusing-mixer is effectively an impermeable wall due to

symmetry, the diffusion distance between samples is only one-

half of the T-mix with the same mixing channel dimensions.

5.2 Multi-stream (inter-digital) micromixers

We now apply our system-level model to electrokinetically

driven multi-stream micromixers, which improve mixing by

replacing the broad sample streams (such as T-mixer) with

alternating, much thinner streams to greatly reduce sample

diffusion distances. Depending on the geometry of mixing

channels, such mixers can be further divided into those without

(Fig. 6a) or with focusing (Fig. 6b). The schematic presenta-

tion in Fig. 6c applies to mixers with focusing, and can also be

used for mixers without focusing by removing the tapered

channel element. In this schematic, samples a (white) and b

(black) from two reservoirs are branched by successive

diverging intersections into multiple streams. These streams

are then arranged to alternate in sample content using feed

channels and converging intersections connected in cascade.

An inter-digital concentration profile is obtained at the inlet of

the mixing channel, in which the streams are mixed. As the

feed channels generally do not influence sample mixing

downstream, numerical simulations are focused on the sample

diffusion process in the mixing channel, with the voltage at the

inlet set to a value calculated from the system-level model. The

mixers with and without focusing are given the voltage wi 5 198

and 247 V so that they both have E 5 143 V cm21 in the

uniform mixing channel.

Fig. 7 compares concentration profiles of sample a for both

mixers, from the system-level modeling and numerical simula-

tion results, at z 5 Lf 5 L/4 and z 5 L, where Lf and L are the

lengths of the focusing and the entire mixing channels.

Excellent agreement between the numerical simulation and

system modeling results is observed, with M 5 3% for the case

with focusing. Multiple lamination of the sample is clearly

seen, and the mixer with focusing facilitates sample diffusion

and leads to a highly homogeneous concentration profile. By

system simulation, we have observed that Q drops much faster

in the mixing channel with focusing than in the one without

focusing (not shown), as reduced sample diffusion distances

improve mixing efficiency. At z 5 Lf 5 L/4, a very low mixing

residual (Q 5 0.067) is already achieved for the mixer with

focusing. From z 5 L/4 to z 5 L, a modest decrease in Q (from

0.067 to 0.048) is obtained but accounts for about 75% of the

total channel length. This implies the inappropriateness of

neglecting the appreciable mixing contribution made by the

focusing channel.10,20 In addition, this indicates that shorter

mixing channel lengths with less complete, yet still sufficient,

mixing may be more cost effective for some applications,

demonstrating the utility of our model in optimal choice of

mixing channel lengths in mixer design.

5.3 Mixing networks

Finally, our system-level model is well suited to the study of

complex mixing networks,12 in which different sample

concentrations can be obtained at multiple output channels

by geometrically repeating units with a single constant voltage

applied at all sample and buffer reservoirs. Here we apply the

model to the serial mixing network (Fig. 1) described in

Section 2. The system modeling results, along with numerical

simulations and experimental data, are presented in Table 1,

which lists sample (rhodamine B) concentrations in analysis
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channels A1–A5. Both nearly complete and partial mixing

situations are analyzed. When a voltage of wapp 5 0.4 kV is

applied to the sample and buffer reservoirs with the waste

reservoirs grounded, sample mixing in channels S2–S5 is nearly

width-wisely complete (with Q 5 0.007 at the end of channel

S2). As a result, sample concentrations in channels A1–A5 are

independent of sample properties and determined only by the

electric currents in the mixing network. There is excellent

agreement of the system-level model with numerical simula-

tions and experimental data (with an average error smaller

Table 1 Comparison of system modeling results (sys) with numerical (num) and experimental (exp) data on sample concentrations in analysis
channels of serial and parallel mixing networks

Serial mixing network Parallel mixing network

Complete mixing Partial mixing Complete mixing

Channel c (sys) c (exp) c (num) c (sys) c (num) Channel c (sys) c(exp) c (num)

A1 1 1 1 1 1 A1 0 0 0
A2 0.37 0.36 0.378 0.48 0.496 A2 0.83 0.84 0.832
A3 0.22 0.21 0.224 0.187 0.187 A3 0.68 0.67 0.674
A4 0.125 0.13 0.133 0.081 0.0815 A4 0.52 0.51 0.523
A5 0.052 0.059 0.0628 0.029 0.0315 A5 0.35 0.36 0.354

A6 0.17 0.19 0.168
A7 1 1 1

Fig. 5 (a) System modeling results (lines) compared with numerical data (symbols) on concentration profiles for the electrokinetic focusing

micromixer. (b) System modeling results on the variation of the mixing residual along the channel length (data points are connected by lines to

guide the eye) for the electrokinetic focusing micromixer.

Fig. 6 Multi-stream micromixers (a) without or (b) with focusing and (c) their schematics.
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than 6%). It is also interesting to note that in contrast to

electric resistor-based models3,12 that require post-calculations

of concentrations from distributions of electric currents in the

network, our model directly yields concentration values.

In addition to complete mixing, partial mixing in which the

sample concentrations in channels S2–S5 are not width-wise

uniform and hence the resistor-based modeling is not valid,

can be readily modeled with our system-level model. In this

case, sample concentrations in channels A1–A5 depend not

only on electric currents in the network but also the sample

concentration profiles at the exit of channels S2–S5. Results

from our system-level model are also listed in Table 1. While a

lack of knowledge of sample properties does not allow

experimental data to be used for comparison, these system

modeling results are compared with numerical simulations,

assuming a diffusivity of D 5 3 6 10210 m2 s21 and an

EK mobility of m 5 2.0 6 1028 m2 V21 s21. A voltage of

wapp 5 1.6 kV, as used in experiments in the literature,12 is

applied to the sample and buffer reservoirs, with the waste

reservoirs grounded. Good agreement can be observed, with

an average error of 4%. From the table, we can observe that as

a result of high wapp, which is four times that used in the nearly

complete mixing case above, there is a four-fold increase in EK

velocity and decrease in sample residence time in the channels.

Therefore, mixing in channels S2–S5 is incomplete (with

Q 5 0.14 at the end of channel S2). At the cross-intersection

following channel S2, the amount of sample shunted to A2 is

more than that predicted by the complete-mixing based

resistor-model due to non-uniform sample distributions at

the intersection’s inlet (Fig. 1). Consequently, concentrations

in channels A3–A5 have lower values, agreeing with experi-

mental observations.12

Parallel mixing networks4 can be represented and simulated

in a similar fashion. In such a network, all the channels are

designed with similar cross-sectional area. Thus, at the

T-intersections (T2–T6) the currents from the sample and

buffer reservoirs are inversely proportional to the length

(Ohm’s law) of their feed channels (B1–B6 and S2–S7), given a

single constant voltage (1 kV) applied to all sample and buffer

reservoirs. Therefore, through proper choice of the lengths of

those feed channels, an array of different sample concentra-

tions can be eventually obtained in the output channels (A1–

A7). Fig. 8 illustrates the schematic representation of the

parallel mixing network. Comparisons of system modeling

Fig. 7 System modeling results (lines) are compared with numerical

data (symbols) on concentration profiles (sample a) at z 5 Lf and z 5 L

for the electrokinetic multi-stream micromixer.

Fig. 8 A complex electrokinetic parallel mixing network12 and its schematic representation for system-oriented simulation.
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results with experimental data and numerical simulations are

shown in Table 1. An average error of 3.6% relative to

experiments is found.

Finally, it is interesting to note that our system-level model

has demonstrated drastic improvement in computational

efficiency over the full numerical simulations. For example,

on a multi-user 2-CPU 1-GHz Sun Fire 280 processors with 4

GB RAM, using Cadence’s25 integrated circuit design tool for

schematic entry and netlisting the system topology from the

schematic editor into a text file readable by the simulator

(Spectre25), the system-oriented simulations of the serial

mixing network above were completed within 20 s with

netlisting and less than 1 s without netlisting. In contrast,

using the same computational platform, 6 h was needed to

complete the computation of a numerical model in FEMLAB

3.0a,31 which were not reusable when chip topologies and

dimensions were modified. The computational advantage of

our system model is thus clear, making possible system-

oriented optimal design that may involve hundreds or

thousands of iterative simulations.

6 Conclusions

We have presented an efficient and accurate approach to

modeling sample mixing in laminar diffusion-based electro-

kinetic passive mixers and mixing networks. Complex micro-

mixers are decomposed into a system of elements with

relatively simple geometry. Fully parameterized and analytical

element models are obtained, which are linked to form a

system-oriented representation of the entire micromixer. The

resulting system model is verified with numerical simulations

and experimental data, and used to perform systematic

analysis and comparison of sample mixing in focusing,

multi-stream and complex mixing network devices, yielding

insights into the effects of such parameters as system topology,

geometry, properties and operational parameters on mixing

performance. The model affords drastically improved compu-

tational efficiency over numerical simulations, and is thus well

suited for optimal microchip design processes that typically

involve large numbers of design iterations.

Parameterized and analytical models for elements are the

building blocks of our system-level model. We consider four

types of basic elements: mixing channels, diverging and

converging intersections and reservoirs. Such elements are

amenable to analytical modeling and are sufficiently general to

represent electrokinetic laminar diffusion-based passive micro-

mixers commonly used in lab-on-a-chip systems. The models

developed for these elements are valid for general input

concentration profiles and arbitrary flow ratios, and enable us

to consider for the first time the overall effects of complex

mixer topology, geometry, operational parameters and mate-

rial properties at the system level.

The system-level model represents a general passive mixer in

terms of models for the constituent elements. The commu-

nication between adjacent elements is enabled through a

proper choice of the interface parameters, which include

electric potential V and Fourier coefficients of sample

concentration {dn}. The system-oriented representation has

been implemented in an efficient simulation framework

allowing fast iterative design processes that would be otherwise

time-consuming and expensive.

The system model has been used to perform systematic

studies of electrokinetic passive micromixers that employ

diffusion-based mixing-enhancing techniques such as focusing,

multi-lamination and their combinations. These techniques are

effective in improving mixing performance but lead to complex

mixer geometries, an extensive and sensitive design-parameter

space and complicated design processes. Generally, system-

oriented simulations demonstrate that asymmetric sample flow

rates should be used for improved mixing efficiency as long as

the sample concentrations remain at a detectable level. Sample

homogeneity improves rapidly at the early stage of mixing but

then tends to saturate eventually, with the region in which this

transition occurs determined by the mixer topology and

geometry, operational parameters (e.g., flow ratios) and

material properties. Therefore, the tradeoff among the chip

real-estate area, mixing time, and system complexity should be

considered. A salient advantage offered by our system-level

model over the resistor-based model is its capability of

computing the complex mixing network that involves partial

mixing. Therefore, our system-level model can be a useful tool

to design more compact mixer topologies.

It is worth noting that while the system-level model focuses

on electrokinetic micromixers, the conceptual approach can be

generalized to micromixers that use pressure-driven flow. In

particular, the model can be directly applied, with minor

modifications, to pressure-driven mixers consisting of mixing

channels with relatively large width-to-depth ratios.9,10 In such

a thin channel, the diffusion process can be regarded as two-

dimensional,38–41 with the pressure and mean flow velocity

playing the roles of electric potential and EK velocity. The

effects of non-uniform buffer velocity profiles along the

channel depth on sample mixing can be characterized by a

stream-wise Taylor dispersion coefficient.39–41 Additionally,

another alternative and simplified model neglecting the

stream-wise dispersion is also available and extensively

used,15,38 although with slightly decreased accuracy at high

Peclet numbers.39–41 In the case of pressure-driven mixers

using channels of smaller width-to-depth ratios, closed-form

correlations might be obtained from a combination of the

analytical approach and numerical simulations. This extension

will be pursued in future work to allow efficient and accurate

design of complex micromixers for applications using pressure-

driven flow, for example concentration gradient generators16

for cell analysis and micro-fabrication, and diffusion-based

sample extractors or filters.13 Additionally, future work will

also address the integration of the system-level mixer model

with models for other functional microfluidic components,

such as injectors, electrophoretic separation systems and

reactors. This would form a higher-system-level model for a

complete electrokinetic lab-on-a-chip,3 and enable accurate

and efficient simulation of complex, integrated and multi-

functional lab-on-a-chip systems.42
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