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A Parametrized Three-Dimensional Model for
MEMS Thermal Shear-Stress Sensors

Qiao Lin, Yong Xu, Fukang Jiang, Yu-Chong Tai, Member, IEEE, and Chih-Ming Ho, Member, IEEE

Abstract—This paper presents an accurate and efficient model
of MEMS thermal shear-stress sensors featuring a thin-film
hotwire on a vacuum-isolated dielectric diaphragm. We consider
three-dimensional (3-D) heat transfer in sensors operating in
constant-temperature mode, and describe sensor response with a
functional relationship between dimensionless forms of hotwire
power and shear stress. This relationship is parametrized by
the diaphragm aspect ratio and two additional dimensionless
parameters that represent heat conduction in the hotwire and di-
aphragm. Closed-form correlations are obtained to represent this
relationship, yielding a MEMS sensor model that is highly efficient
while retaining the accuracy of three-dimensional heat transfer
analysis. The model is compared with experimental data, and the
agreement in the total and net hotwire power, the latter being a
small second-order quantity induced by the applied shear stress,
is respectively within 0.5% and 11% when uncertainties in sensor
geometry and material properties are taken into account. The
model is then used to elucidate thermal boundary layer charac-
teristics for MEMS sensors, and in particular, quantitatively show
that the relatively thick thermal boundary layer renders classical
shear-stress sensor theory invalid for MEMS sensors operating
in air. The model is also used to systematically study the effects
of geometry and material properties on MEMS sensor behavior,
yielding insights useful as practical design guidelines. [1302]

1. INTRODUCTION

HEN a fluid flows over a solid surface, viscous ef-
fects generate shear stress, or skin friction, on the
surface. Knowledge of such wall shear stress is essential for
understanding the dynamics of the fluid flow, and its measure-
ment holds great importance for investigating and controlling
wall-bound turbulence and flow separation [1]-[5]. Miniatur-
ized shear-stress sensors fabricated using MEMS technology
offer superior spatial resolution, minimized interference with
fluid flow, and fast time response [6]. MEMS shear-stress
sensors can be based on direct methods, typically using micro-
machined force-sensitive floating elements (e.g., [7], [8]) or
indirect methods that primarily exploit thermal effects.
MEMS thermal shear-stress sensors are based on measure-
ment of heat transfer from a heated thin-film element to the fluid
flow. Since their initial demonstration [9], [10], much progress
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has been made in further development of MEMS thermal
sensors for shear stress measurements. This includes sensors
with alternative sensing element configurations and materials
[11]-[15], and investigations of sensor characteristics such as
thermal insulation, frequency response, pressure sensitivity and
noise floor spectra [16]-[18]. In addition, MEMS shear-stress
sensors have been fabricated in arrays on rigid [19] and flexible
substrates [20], [21], integrated with signal conditioning cir-
cuitry [15], [20], [21], and applied to flow sensing and control
in both air [22] and water [23]. Recently, there have also been
numerical simulations of MEMS thermal shear-stress sensors
to study effects of natural convection on fluid velocity profile
[24] and effects of heat conduction in the sensor substrate on
frequency response [25].

While these developments have been successful, a thorough
understanding of the MEMS sensor operation has been lacking.
In particular, it has been experimentally observed that the be-
havior of miniaturized shear-stress sensors often disagrees with
classical shear-stress sensor theory, which states that the heat
removed by the flow is proportional to the 1/3-power of the
shear stress [15]. We have performed systematic wind-tunnel
testing of MEMS shear-stress sensors to study this issue, and
interpreted the resulting experimental data qualitatively with a
two-dimensional model [26]. While three-dimensional simula-
tions were also performed, the numerical results were limited
to the specific sensors tested and were not reusable if any ma-
terial or geometric properties are varied from the values used
in the simulations. To address the need for efficient and ac-
curate evaluation of candidate sensor designs in iterative de-
sign processes, this paper presents a parametrized, three-dimen-
sional (3-D) model, which is represented by closed-form ex-
pressions, for hotwire-based MEMS shear-stress sensors op-
erating in constant-temperature mode. The model is validated
with experimental data, and used to provide quantitative eluci-
dation that the invalidity of classical shear-stress sensor theory
for MEMS sensors is caused by the relatively large thickness of
the thermal boundary layer on the sensor surface. Based on the
model, the effects of sensor geometry and material properties
on shear-stress sensing behavior are also systematically investi-
gated.

The paper is organized as follows. The MEMS sensor config-
uration is described in Section II, and parametrized heat transfer
equations are presented in Section III. The resulting model is ex-
perimentally validated in Section IV, and then used to elucidate
thermal boundary layer characteristics and examine classical
theory in Section V. Sections VI and VII, respectively, present a
systematic study of the effects of sensor geometry and material
properties on sensor behavior at zero and nonzero shear stress.
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A hotwire is embedded in the diaphragm along the diaphragm’s
plane of symmetry that is perpendicular to the flow, and spans
the entire diaphragm width B. The hotwire has cross-sectional
area A, with width b,, < L. As shown in the figure, we choose
a coordinate frame with its origin at the center of the diaphragm
surface, and its X and Y axes, respectively, aligned with the flow
and hotwire.

A thermal boundary layer arises from hotwire heating on the
sensor surface. This is a spatial region in which the fluid tem-
perature rises above the ambient temperature (i.e., the temper-
ature of the undisturbed bulk fluid). Because of the miniature
MEMS sensor size, we adopt the assumption, which is generally

Substrate
(a)

Fig. 1. (a) Schematic and (b) micrograph of a MEMS thermal shear-stress sensor.
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Fig. 2. Tllustration of the MEMS thermal shear-stress sensor model. Only

one-half of the model is shown due to symmetry of the sensor about the X Z
plane.

A closed-form representation of the model is presented in Sec-
tion VIII, and the conclusions from this work are finally given
in Section IX.

II. SENSOR CONFIGURATION

We focus on a widely used class of MEMS shear-stress sen-
sors that feature a resistive hotwire on a vacuum-isolated di-
aphragm [9], [10], [14], [19]-[21], [23]. A schematic and a mi-
crograph of such sensors are shown in Fig. 1. The sensor con-
sists of a resistive thin-film wire on a diaphragm, which in turn
is suspended from the bulk of the substrate by a vacuum cavity.
Aluminum metallization provides electrical connection to the
resistor, which is electrically heated to function as a hotwire,
with the vacuum providing enhanced thermal isolation. To mea-
sure wall shear stress, the sensor is mounted with the diaphragm
surface flush with the wall and the hotwire perpendicular to the
flow. In constant-temperature mode, the hotwire temperature is
maintained constant, and the power consumed in the hotwire is
measured to determine the shear stress.

III. PARAMETRIZED MEMS SENSOR MODEL

This section describes parametrized heat transfer equations
for MEMS thermal shear-stress sensors. We focus on the sensor
configuration described above; however, the modeling method-
ology is generally applicable to sensors with other configura-
tions (e.g., [12], [15]). As illustrated in Fig. 2, the model con-
siders a fluid flow over a vacuum-isolated thin diaphragm of
length 2L, width B, and thickness h (with h < L and h < B).

made for conventional shear-stress sensors [1]-[3], that the en-
tire thermal boundary layer is contained in the viscous sublayer
of the velocity boundary layer. Therefore, the fluid velocity, U,
and shear stress, S, which may vary with time (as in a turbu-
lent flow), are related by a linear relationship in which p is the
fluid’s dynamic viscosity [3]

57
g

U (1)

We consider heat transfer in the fluid, hotwire and diaphragm,
whose temperatures are respectively T, T, and T};. Define di-
mensionless temperatures by

Tf - Tamb Tu) - Tamb Td - Tamb
lp=——— by=———, bj=——
! O, o, = Oy
@)
and dimensionless shear stress7 and power p by
SL? P

= = — 3

T P P i 0uB 3

where P is the power required to maintain the average hotwire
temperature at a constant: ©,, = 1/B fféiQ(Tw — Tomp)dy =
const. Also define the dimensionless thermal conductivities of
the hotwire and diaphragm, o,, and o4, and the diaphragm as-
pect ratio (AR) by

k’l“ A’IU
kfL?

Fah _B
kL’ T 2L

Ow = Od = (4)
where ky and oy are the fluid’s thermal conductivity and dif-
fusivity, and k,, and k4 are the thermal conductivities of the

hotwire and diaphragm.
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To obtain heat transfer governing equations, assume that spa-
tial distributions of 7T, and 7T};, are one- and two-dimensional,
respectively. For simplicity, all thermal properties are assumed
to be independent of temperature. Also, if the flow is time-
varying, such variations are assumed to be sufficiently slow to
allow use of steady-state heat transfer theory. Then, with dimen-
sionless variables . = X /L,y = Y/L and z = Z/L, heat con-
duction in the hotwire is governed by

d?0,, n 004 00y n 0
Ow—ra + 04| = - — =
dy? “\ oz om0 0T [,_o_ b
AR
1
wly= =Y Y w =1
Ouwly—+ar =0 SAR / Owdy %)

—AR

where the heat loss directly from the hotwire to the fluid has
been ignored using the approximation (further discussed in Sec-
tion IV) of a vanishingly small hotwire width with the hotwire
cross-sectional area kept constant. Heat conduction in the di-
aphragm is governed by

04 | 00\ , 09y .
o — — =
“\ 922 T o2 9% |._,
B, ifzxz=0
balr, = {
alr, 0  if otherwise ©)

where 'y denotes the diaphragm’s edges. Finally, forced con-
vection in the fluid is described by

a0y 9?0  0%0p 00
“r  0x2 Oy? 022
6f|z—(]:{6d if—-1<zx<1, —-AR<y<AR
N 0  otherwise
0y — O0asx — oo, y— Foo, z— oo. @)

The boundary conditions in these equations assume that the
substrate is an ideal heat sink at ambient temperature, as silicon
is an excellent thermal conductor. This is supported by our mea-
surements of substrate temperature immediately adjacent to the
diaphragm and hotwire, which did not exceed 1 °C above am-
bient. The effects of heat radiation and natural convection have
also been neglected in these equations as they are considered
insignificant [26].

A model for the MEMS thermal shear-stress sensors, given
by the functional relationship p = p(7), is thus obtained by
numerically solving (5)—(7) using the ABAQUS finite element
package. It will be convenient to further decompose p in the
form

p=po+Ap 8)

where po = p(0) is the dimensionless hotwire power in still
fluid (i.e., 7 = 0), and A, = p — po is the dimensionless
net hotwire power that is exclusively induced by nonzero shear
stress.

IV. EXPERIMENTAL VALIDATION

In this section we validate the model with wind-tunnel exper-
imental data obtained from three MEMS shear-stress sensors

[see Fig. 1(b)]. Details of the experiment are given elsewhere
[26]. These sensors, referred to as Sensors 1, 2, and 3, each had
a polysilicon hotwire 150-um long and 0.5-um thick, and a sil-
icon-nitride diaphragm with dimensions 210 x 210 pm? in the
chip plane. The hotwire width and diaphragm thickness were
3 and 1.5 pum (Sensor 1), 7 and 1.5 um (Sensor 2), and 7 and
3.0 pm (Sensor 3), respectively. Operating in constant-tempera-
ture mode at ©,, = 118, 93.4, and 93.4 °C, the sensors respec-
tively consumed 5.08, 5.40, and 11.25 mW of power in still air,
corresponding to a dimensionless still-air hotwire power (po)
of 6.74, 9.30, and 19.4 (with thermal properties of air evaluated
at Ty, given below). The maximum shear stress measured in
the experiment was 1.04 Pa, corresponding to a dimensionless
shear-stress (7) of 17.4 (Sensor 1) and 19.1 (Sensors 2 and 3).
With this correspondence between dimensional and dimension-
less quantities for the sensors tested, we will exclusively use
dimensionless shear stress and power in the remainder of this
paper.

To evaluate the dimensionless parameters for the sensors
tested, thermal properties of air are evaluated at the average
temperature Toy = (Tamb + Tw)/2 = Tamp + O /2 (with
Tamb = 25 °C) from published data [27], and the thermal con-
ductivities of polysilicon and silicon nitride are given nominal
values k,, = 34 W/m-K and ks = 3.2 W/m - K, respectively.
The parameters (o, 04, AR) are calculated to be (0.194, 1.50,
1), (0.467, 1.54, 1), and (0.570, 3.09, 1) for Sensors 1, 2, and
3, respectively. Based on these nominal parameter values, the
dimensionless hotwire power p calculated from the model has
an error of 16%, 4.4%, and 20% for the three sensors when
compared with experimental data, while the calculated dimen-
sionless net hotwire power Ap deviates from the experimental
data by 28%, 37% and 35% for the three sensors.

These errors can be attributed to several nonidealities not con-
sidered in the model. The first factor is the uncertainty in mate-
rial and geometric properties. In particular, the thermal conduc-
tivities of LPCVD polysilicon and silicon nitride are process-de-
pendent, and their values reported in different sources differ by
more than 100% [28]-[31]. Chip-to-chip variations in thick-
nesses of such thin films are on the order of 20%. From (4),
the uncertainty in the dimensionless conductivities o, and o4
is of the same order. Additionally, as the hotwire does not span
the entire diaphragm as assumed (see Fig. 1), the effective as-
pect ratio is expected to lie between 1 (the nominal value) and
150/210 = 0.71 (the ratio of hotwire to diaphragm lengths).
There are also other unmodeled effects such as temperature de-
pendence of material properties, and natural convection and ra-
diation effects [26].

Modeling error can also be caused by the neglect of heat
transfer directly from hotwire to air. This is based on the as-
sumption that when the total diaphragm length (2L), hotwire
cross-sectional area (A,,) and hotwire temperature (©,,) are
held constant, the combined heat loss (Py,,) directly from the
diaphragm and hotwire surfaces to air is insensitive to hotwire
width b,, < L. Thus, b,, can be made vanishingly small and
dropped from consideration, reducing by one the number of in-
dependent parameters in the model. We examine this assump-
tion using Sensor 2 as an example. With 7 ranging from 0 to 20,
Py, changes only by less than 3.4% as b,, is decreased by two
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Fig. 3. Comparison of model-predicted and experimentally determined

dimensionless net hotwire power Ap = p — py as a function of dimensionless
shear-stress 7. For Sensors 1, 2, and 3, po = 6.74, 9.30 and 19.4 from the
experiment, and po = 6.73, 9.31, and 19.4 from the model.

orders of magnitude from 7 pm (the actual value) to a theoret-
ical value of 0.07 pm (or b,, /L = 1/1500). The corresponding
changes in p and Ap are respectively less than 1.2% and 6.2%.
That is, the effect of finite hotwire width is negligible on p, and
small on Ap.

The uncertainty above can be approximately reflected in
model predictions by adjusting the parameters o,,, o4 and AR
from their nominal values. To this end the sensitivity of sensor
response to these parameters is first evaluated. Sensor 2 is
used as an example, and the other sensors yield similar results.
For 0 < 7 < 20 and at (0, 04,AR) = (0.467,1.54,1), the
sensitivity! of the total hotwire power p is found to range from
0.16 to 0.17 with respect to o,,, from 0.68 to 0.70 with respect
to o4, and from —0.86 to —0.81 with respect to AR. That is, all
three parameters significantly influence p. On the other hand,
the corresponding sensitivity of the dimensionless net hotwire
power Ap ranges from 0.013 to 0.017 with respect to o,, and
from 0.048 to 0.070 with respect to o4, but lies between 0.93
and 1.4 with respect to AR. Thus, for these sensors, Ap is sen-
sitive to changes in AR, but not to changes in the dimensionless
conductivities.

Therefore, in parameter adjustment, we first adjust AR to re-
duce modeling error in Ap, and then o, and o4 to reduce mod-
eling error in p. The resulting adjusted values for (o4, 04, AR)
are (0.140, 1.09, 0.863), (0.400, 1.28, 0.804) and (0.600, 3.27,
0.825) for Sensors 1, 2, and 3, respectively. These adjustments
are consistent with the parameter uncertainty discussed above.
The total hotwire power p thus predicted agrees with the exper-
imental data within 0.4% at all measured shear stresses. Dis-
crepancies between the model-predicted net hotwire power Ap
and experimental data is also reduced, for all tested sensors, to
11% or less forr > 6, when forced convection is sufficiently
significant (see Fig. 3). This error, while larger than that for
p, is considered acceptable as Ap represents second-order heat

IThe sensitivity of a quantity ¢ with respect to some parameter s is defined
as (0q/0s)/(q/s), which gives the relative change of ¢ produced by a given
relative change of s.

transfer effects and accounts for only about 3% or less of the
total hotwire power. More accurate modeling of the nonideali-
ties above should further reduce the error.

Finally, Fig. 3 affords an interesting insight into the three sen-
sors tested, which had different hotwire cross-sectional dimen-
sions and diaphragm thicknesses, and operated at different tem-
peratures. The relations between 7 and Ap for these sensors,
both from the model and experiment, almost collapse to a single
curve. Thus, the model indeed captures the trend in the exper-
imental data. In particular, as the sensors had the same AR but
different o, and o4 values, we observe that for these sensors,
AR plays a major role in determining Ap, while o,, and o4 do
not. This observation is consistent with the sensitivity analysis
above, and as will be shown in Section VII, reflects the general
insensitivity of Ap to o,, and the saturated dependence of Ap
on oy.

V. THERMAL BOUNDARY LAYER CHARACTERISTICS AND
INADEQUACY OF CLASSICAL THEORY

In classical theory, the sensor is assumed to be a constant-tem-
perature flat plate with an infinite spanwise dimension, and the
thermal boundary layer is assumed to be thin compared with
the plate length [3]. Heat transfer in the fluid is then domi-
nated by forced convection and conduction across the boundary
layer. Other heat conduction contributions are ignored. Applied
to MEMS shear-stress sensors, the plate length is taken to be
the diaphragm length (2L). In the dimensionless parameters
defined in (3) and (8), this yields Ap = 1.2871/3, ie., the
net hotwire power is proportional to the 1/3-power of the shear
stress.

This classical relationship has been used for MEMS shear-
stress sensors due to a lack of a micro sensor model [13], [15],
[18], [19]. It is important, however, to note that this law is valid
only if the thermal boundary layer is thin; that is, § < L, where
6 is the maximum thermal boundary layer thickness over the
heated plate. As 6/L = 3.687~/3 [3], this requirement trans-
lates into 7 > 50. Applied to (MEMS or conventional) hot-film
sensors that are used in air flow, the diaphragm half-length must
satisfy the condition

|4

VS

where S has the unit of Pa, and thermal properties of air are
representatively evaluated at 75 °C.

It can be seen that this condition is generally not satisfied
by MEMS thermal shear-stress sensors, with L on the order
of hundreds of microns or less, for air flow measurements that
typically involve shear stresses on the order of 1 Pa. In partic-
ular, the sensors tested (L = 105 pm) in our experiment vi-
olate this requirement. The experimental data (Fig. 3) indeed
deviates significantly from the classical power law, and instead
is described approximately by Ap oc 7977 This is correctly
predicted by the three-dimensional model, which approximately
gives Ap oc 797 for 1 < 7 < 24 for all three sensors tested.
The 0.79-power law agrees with the experimental data more
closely than the 0.67-power law as predicted by a more sim-
plified, two-dimensional (2-D) analysis [26].

L> pum 9
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205 0 05 1 15 2

Fig. 4. Edge of the thermal boundary layer (on which 8, = 0.01) for Sensor
2 at different shear-stress values plotted in dimensionless spatial coordinates.
The diaphragm spans the interval [—1 1] on the x-axis.
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Fig. 5. Second-order partial derivatives of the fluid temperature along the
z-axis (7 = 20 for Sensor 2).

The MEMS shear-stress sensor model allows quantitative
insight into the characteristics of the thermal boundary layer.
We consider Sensor 2 with the nominal parameter values
(ow,04,AR) = (0.467,1.54,1). The edge of the thermal
boundary layer, at which the temperature has decreased to
1% of the average hotwire temperature, is computed from
the model and shown in Fig. 4 for 7 = 5, 10, 15, and 20. It
can be seen that the thermal boundary layer is not thin, with
a thickness comparable to the diaphragm length for all these
shear-stress values.

Also, streamwise heat conduction in the fluid, which is
ignored in classical theory, can be considered to gain insight
into the boundary layer. Again using Sensor 2 as an example,
Fig. 5 shows second-order partial derivatives of fluid temper-
ature f¢ (7 = 20), which represent heat conduction in three
dimensions, along the z-axis (Fig. 2). We can see that %0 /92
is comparable in magnitude with 9%0;/922, indicating that
streamwise heat conduction is as significant as heat conduction
across the thermal boundary layer, and hence cannot be ignored.

140 T
O AR=05
x AR=0.75
1201 + AR=1
A AR=15
v AR=25
100 * AR=38

Po

Fig. 6. Dependence of the dimensionless still-fluid hotwire power po on the
dimensionless hotwire conductivity o, for different ARs (o4 = 1.5).

VI. SENSOR RESPONSE IN STILL FLUID

The parametrized model allows us to systematically study the
effects of the parameters o,,, 04 and AR on sensor behavior.
This section considers such effects on the still-fluid hotwire
power (po), and the next section will consider the net hotwire
power (Ap). We compute py by numerically solving (5)—(7)
with 7 = 0, with the three parameters varied from the reference
values o, = 0.5, 04 = 1.5 and AR = 1, which approximately
represents Sensor 2.

Fig. 6 depicts the dependence of py on the dimensionless
hotwire conductivity o,, as AR is varied. It can be seen that
po increases virtually linearly in the entire range of o,,, and de-
creases with AR at fixed o,,. In addition, the slope dpg/do,
decreases as AR increases, until py becomes virtually indepen-
dent of o,,. This effect of AR agrees with the intuition that the
conduction heat loss to the substrate at the hotwire ends and
streamwise diaphragm edges decreases with AR and becomes
diminished at sufficiently large AR, when the sensor behavior
becomes 2-D. It is also intuitively clear that py increases with
0w, as higher hotwire conductivity leads to greater power con-
sumption. To explain the nearly linear relationship between pg
and o,,, Fig. 7 shows the temperature distributions along the
hotwire and the streamwise centerline of the diaphragm. As o,
varies by two orders of magnitude from 0.05 to 0.5, 6,, and
64 change only by less than 15% with respect to the average
hotwire temperature. As the hotwire and diaphragm tempera-
tures are insensitive to a,,, (5) indicates that pg will be approx-
imately linear in o,.

The effect of the dimensionless diaphragm conductivity o4 on
the still-air power pq is shown in Fig. 8. First note that for fixed
o4, po again decreases with AR. For a given AR, pg increases
with o4, as there is more heat loss to the substrate through a
diaphragm of higher conductivity. It can also be seen in Fig. 8
that while pg increases nonlinearly with o4 when o4 is small,
the dependence becomes almost linear when o4 is sufficiently
large (approximately o4 > 0.15; also see Section VIII). This is
because for sufficiently large o4, there is significant heat con-
duction in the diaphragm. The temperature distributions in the

Authorized licensed use limited to: Columbia University. Downloaded on October 12, 2009 at 16:18 from IEEE Xplore. Restrictions apply.



630 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 14, NO. 3, JUNE 2005

y
0;2 0;4 O;G 0.|8 1
1.6} — o0,=005|416
e ) ---0,= 0.5
1.4~ Dy 11.4
11.2
11
<’ fos =
10.6
10.4
10.2
O L 1 1 1
0 0.2 0.4 0.6 0.8 1
X
Fig. 7. Normalized temperature distributions along the hotwire and

streamwise centerline of the diaphragm for different values of the dimensionless
hotwire conductivity o, (04 = 1.5, AR = 1).
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Fig. 8. Dependence of the dimensionless still-fluid hotwire power po on the

dimensionless diaphragm conductivity o, for different ARs (o, = 0.5).

hotwire and diaphragm in this case become insensitive to the
specific value of o4, in a manner similar to that illustrated in
Fig. 7. Such insensitivity then implies, again according to (5),
that pg is approximately linear in 0.

VII. SENSOR RESPONSE TO SHEAR STRESS

We consider Ap, the dimensionless net hotwire power in-
duced by applied shear-stress, as a function of the dimensionless
shear stress 7. This function in general depends on o, o4, and
AR, which will now be varied one at a time from the reference
values o,, = 0.5, 04 = 1.5 and AR = 1. Note that when these
parameters are fixed, Ap always increases with 7 as a result of
increased convection heat transfer rates (see Figs. 9, 11, and 12).

First consider the influence of the dimensionless hotwire con-
ductivity o,,. Fig. 9 shows the functional relationship Ap(7) as
oy 1s varied from 0.05 to 0.5 while o4 = 1.5 and AR = 1
are fixed. We see that Ap is not significantly affected by o,
changing only by about 6% for 7 up to 24. This agrees with
the observation that relations between Ap and 7 are virtually

0.35

— o =0.05
w
03H-—- 0w=0.5

im0 = ./:
w -

0.25} o

0.2} uz

Ap
"

0.15¢ $

0.05}

O 1 1 1 L
0 5 10 15 20 25

T

Fig. 9. Dimensionless shear-induced hotwire power Ap as a function of the
dimensionless shear stress 7 for different values of the dimensionless hotwire
conductivity o, (64 = 1.5,AR = 1).
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Fig. 10. Boundary of the effective heated region on the diaphragm at 7 =
20 for different values of the dimensionless hotwire conductivity o, (O'd =
1.5,AR = 1). The bounded region consists of points at which 8, > 0.5.

the same in the experimental data (Fig. 3) even though o, is
larger for Sensors 2 and 3 than for Sensor 1. To explain the
weak dependence of Ap on o, we consider the effective heated
region, the diaphragm region where the temperature is signifi-
cantly higher than room temperature (using #; > 0.5 for con-
creteness). As depicted in Fig. 10 for 7 = 20 and different
0w Vvalues, the boundary of this region does not vary signifi-
cantly with o, as the sensor is in constant-temperature opera-
tion. Thus, heat loss from the diaphragm to the fluid, and hence
Ap, is not significantly affected by o,.

To study the effect of the dimensionless diaphragm conduc-
tivity o4, the functional relationship Ap(r) is plotted in Fig. 11
with o4 varying from 0.05 to 5 while o, = 0.5 and AR =1
are fixed. At a given 7, Ap increases with o4, as higher di-
aphragm conductivities allow for a larger effective heated region
and hence increased forced convection rates. However, the heat
transfer rate quickly becomes saturated when o is sufficiently
large (approximately o4 > 0.5). For example, Ap only changes
by less than 20% as o4 varies from 0.5 to 5, and by less than
7.8% as o4 varies from 1 to 3.5. This is again consistent with
the experimental data, which gives nearly identical relations be-
tween Ap and 7 (see Fig. 3) for o4 ranging from 1.09 to 3.27.
This is because the effective heated region on the diaphragm,
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Fig. 11. Dimensionless shear-induced hotwire power Ap as a function of the

dimensionless shear stress 7 for different values of the dimensionless diaphragm
conductivity o4 (0, = 0.5, AR = 1).
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Fig. 12. Dimensionless shear-induced hotwire power Ap as a function of the
dimensionless shear stress 7 for different values of the aspect ratio AR (ow =
0.5,04 = 1.5).

in a manner similar to Fig. 10, is not sensitive to sufficiently
large 04. As 04 increases, the temperature distribution on the di-
aphragm ultimately approaches an asymptote. Thus, Ap, which
is primarily due to heat transfer from the diaphragm surface to
the fluid, no longer changes with o4 significantly.

Finally, consider the effect of the diaphragm aspect ratio AR.
Fig. 12 shows Ap as a function of 7 with AR varying from 0.5
to 8, and 0, = 0.5 and o4 = 1.5. It can be seen that the de-
pendence of Ap on 7 is relatively linear at small AR, and be-
comes increasingly nonlinear as AR increases. For a fixed 7, Ap
also increases with AR and eventually approaches an asymptotic
value. To understand this trend, we note that the diaphragm’s ef-
fective heated region initially increases with AR in both stream-
wise and spanwise dimensions, leading to more efficient con-
vection and increased Ap. As AR further increases, the growth

of the heated region’s streamwise dimension becomes saturated,
while the heated region’s spanwise dimension continues to in-
crease almost proportionally to AR, or the span B with L fixed
(see Fig. 2). Thus, similar to pg (see Fig. 6 and 8), (3) implies
that Ap becomes virtually independent of AR in such a 2-D
sensor configuration.

VIII. CLOSED-FORM CORRELATIONS

We seek closed-form correlations to represent the func-
tional relationship p(7), which can be further decom-
posed using (8). For the still-fluid power pg, (5)-(7) are
numerically solved using parameter combinations (o,
o4, AR) with o, € {0.01,0.05,0.1,0.2,0.5,1,2.5,5},
o4 € {0.05,0.1,0.15,0.25,0.37,0.5,0.75,1,1.5,2.5, 3.25, 5},
and AR € {0.5,0.75,1,1.5,2,2.5,4, 8}. The numerical results
are then fitted to the following equation:

Po = ag + a10yw + a204 + a304,04. (10)

This functional form and the specific parameter values above
are chosen based on the observation that py is virtually linear in
oy and in sufficiently large 4. The coefficients in (10) depend
on AR and are found to be

0.443 2.99
ap =0.634 + W a1 = 0.0267 + W

2.00 0.00743
ag = 2.07 + W, as = 0.0119 131

This correlation agrees with numerical results within 1.5%
for 0.05 < g, < 5,02 <00y <5and 0.5 < AR < 8. The
correlation is also valid for a larger range of o4 (e.g., within 5%
of numerical results for 0.15 < g4 < 5 over the same ranges of
o4 and AR above).

Due to the insensitivity of the dimensionless net hotwire
power Ap to the dimensionless hotwire conductivity o,, (Sec-
tion VII), we use the typical value o, = 0.5, and solve (5)—(7)
numerically with o4 and AR drawn from the same value sets
as above. The following analytical expression is then fitted to
the numerical results:

ble

= 11
1+ by (n

Ap

The choice of this functional form is based on the observation
that the slope O(Ap)/d7 decreases with 7. Given that the de-
pendence of Ap on both o4 and AR becomes saturated at suffi-
ciently large parameter values, the coefficients in (11) are found
to be

m =152, n=0.978 — 0.441¢~1-95AR
(1 + az04]

by =———=, by = [i[l + fao4lo,

P+ asod] 2 = il + froalog
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and

(- %52)

(1+0.265AR57)
0.0973ARY76

aj =0.00621AR>™

o —
27 (1 +0.185ARY®)
0.925
a3 =3.96 + 1.1TAR — 0.104AR? + AR‘)
0.0198 °
B1 =0.120 + 0.100AR — 0.00692AR? + ND

13.2AR0-526
(14 15.3AR">29)
0.553AR?4
(1+ 1.74AR"?*)

By = — 0.806 +

v =0.223 —

With these coefficients, (11) represents the numerical results
with an error smaller than 7.8% for 1 < 7 < 24,0.5 < AR <8
and 0.05 < g4 < 5.

The above-mentioned ranges of 7, o, 04 and AR, over which
(10) and (11) are obtained, encompass the experimental data dis-
cussed in Section IV, and are representative of MEMS shear-
stress sensors that feature the Fig. 1 configuration and are used
in air flow measurements (e.g., [10], [19], [20]). As such, these
closed-form and parametrized correlations, which are highly ef-
ficient while retaining the accuracy of a 3-D model, are useful
in practical iterative design processes to quantitatively evaluate
candidate sensor designs.

IX. CONCLUSION

We have developed a parametrized, 3-D model for MEMS
thermal shear-stress sensors that feature a hotwire deposited
on a vacuum-isolated diaphragm. The model considers coupled
heat transfer in the sensor and yields a functional relationship
between the dimensionless hotwire power p and dimensional
shear-stress 7. This functional relationship is parametrized by
three dimensionless parameters: the dimensionless hotwire and
diaphragm thermal conductivities o, and o4, and the diaphragm
aspectratio AR. Representing this relationship with closed-form
correlations, we have obtained a highly efficient model that re-
tains the accuracy of three-dimensional numerical simulations.
This model was validated by wind-tunnel testing results from
MEMS shear-stress sensors. It was then used to quantitatively
elucidate that MEMS thermal shear-stress sensors do not admit
a thin thermal boundary layer for experimentally relevant shear-
stress levels in air flow, and hence cannot be adequately de-
scribed by classical theory. The model was also used to system-
atically study the influence of the dimensionless parameters o,
o4 and AR on MEMS sensor behavior. It was found that the
still-fluid hotwire power pq increases almost linearly with o,
and sufficiently large o4, and decreases with AR until reaching
an asymptotic value. On the other hand, the shear-induced net
hotwire power Ap is insensitive to o,,, while increasing with
both o4 and AR until reaching saturation. In summary, the ef-
ficient and accurate model is useful in practical design pro-
cesses to evaluate the impact of geometry and material choices
on sensor performance.

Further work will address physical effects that are not cur-
rently included in the model for improved accuracy, especially
in the net hotwire power. For example, it would be interesting
to investigate sensor models in which the hotwire does not span
the entire width of the supporting diaphragm, and to include heat
transfer that occurs directly from the hotwire to the fluid. In ad-
dition, while it is estimated that the effects of natural convection
and radiation are not significant in the current investigation, a
more quantitative assessment of such effects is desirable. In par-
ticular, consideration of natural convection effects will allow the
model to be extended to represent MEMS shear-stress sensors
operating in water. These issues should be addressed in a way
such that the model complexity is still limited to a tractable level
to benefit practical design.
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